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A SHARP SMOOTHNESS OF THE CONJUGATION OF 
CLASS P-HOMEOMORPHISMS TO DIFFEOMORPHISMS 


ABDELHAMID ADOUANI AND HABIB MARZOUGUI 

Abstract. Let / be a class P-homeomorphism of the circle. We prove 
that there exists a piecewise analytic homeomorphism that conjugate / 
to a one-class P with prescribed break points lying on pairwise distinct 
orbits. As a consequence, we give a sharp estimate for the smoothness 
of a conjugation of class P-homeomorphism / of the circle satisfying the 
(D)-property (i.e. the product of /-jumps in the break points contained 
in a same orbit is trivial), to diffeomorphism. When / does not satisfy 
the (D)-property the conjugating homeomorphism is never piecewise 
and even more it is not absolutely continuous function if the total 
product of /-jumps in all the break points is non-trivial. 


1. Introduction 

Denote by = M/Z the circle and p : M —the canonical pro¬ 
jection. Let / be an orientation preserving homeomorphism of 5^. The 
homeomorphism / admits a lift / : M —> M that is an increasing home¬ 
omorphism of M such that p o f = fop. Conversely, the projection of 
such a homeomorphism of M is an orientation preserving homeomorphism 
of S^. The rotation number of a homeomorphism / of 5^ is defined as 
p(f) = lim ^ ^ (mod 1), x € M. This limit exists and is indepen- 

dent of the choice of the point x and the lift / of /. For example, if 
Ra : X X + a (mod 1) is the rotation by angle a then it is obviously 
that p{Ra) = a (mod 1). From the definition, p{h o f o h~^) = p{f) holds 
for any orientation preserving homeomorphism h of S^. Assuming / is a 
C’^-diffeomorphism (r > 2) and p{f) is irrational, Denjoy ([3]) proved that: 
every C^-diffeomorphism f {r > 2) of with irrational rotation num¬ 
ber p{f) is topologically conjugate to the rotation Rp[f)- This means that 
there exists an orientation preserving homeomorphism h of such that 
f = h~^ o Rp[f) o h. Denjoy noted that this result can be extended (with 
the same proof) to a large class of circle homeomorphisms: the class P (see 
[5], Chapter VI) and in particular for piecewise linear (PL) circle homeo¬ 
morphisms. 
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Definition 1.1. An orientation preserving homeomorphism / of is called 
a class P-homeomorphism if it is derivable except at finitely many points, 
the so called break points of /, at which left and right derivatives (denoted, 
respectively, by Df_ and Df_|_) exist and such that the derivative Df : 
has the following properties: 

- There exist two constants 0 < a < 6 < +oo such that: a < Df(x) < 
6, for every x where Df exists, 

- a < Df+(c) < b and a < Df_(c) < 6 at the break points c. 

- log Df has bounded variation on (i.e. the total variation of log Df 
is finite). 

We pointed out that the third condition implies the two ones. Also notice 
that if / is a class P-homeomorphism of 5^ which is on 5^ then / is a 
C^-diffeomorphism of S^. 


Definition 1.2. An orientation preserving homeomorphism / of is called 
piecewise linear {PL-homeomorphism) if / is derivable except at finitely 
many break points (cj)o<i<p of such that the derivative Df is constant 
on each ]cj, Ci+i[. 

Among the simplest examples of class P-homeomorphisms, we mention: 

• C^-diffeomorphisms, 

• Piecewise linear PL-homeomorphisms, these are not C^-diffeomorphisms. 

Denote by 

- Homeo+(S'^) the group of orientation-preserving homeomorphisms 
of S\ 

- P{S^) the set of class P-homeomorphisms of S^, it is a subgroup of 
Homeo+(5'^). 

- PL(S'^) the set of PL-homeomorphisms of S^, it is a subgroup of 
V{S^) which contains rotations. 

In this paper, we are mainly concerned with the sharp estimate for the 
smoothness of a conjugation of class P-homeomorphism with the (P)-property 
(see Definition ll.Sl and Theorem ll.fip to diffeomorphism. For class P-homeomorphism 
without the (P)-property, the conjugation is never piecewise (see Propo¬ 
sition Mh and even more, can be a singular function (see Corollary [LOD. 

Before stating the main result, we need the following notations and defini¬ 
tions. 

For / € V{S^) and x € S^, denote by 

- Of{x) := {/""(x) : n G Z} called the orbit of x by /. 

- crf{x) : = called the f-jump in x. 
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- '^s,Of(c){f) — n (T/(x), for every c G C{f). 

x£C(f)nOf{c) 

- C{f) = {co, Cl, C 2 ,..., Cp} the set of break points of / in 

" ^P+1 *— ^0* 

• vr<j(/) the product of /-jumps at the break points of /: 

^s(/) = n 

cec(/) 

Definition 1.3. ([T]) Let / G V{S^). We say that / has the (D)-property 
if the product of /-jumps in the break points on each orbit is trivial; that is 
'^s,Ofic){f ) = 1, for every c G C{f). 

In particular, if / has the (Il)-property, then vrs(/) = 1. Conversely, if 
all break points belong to the same orbit and tTsU) = 1 then / has the 
(D)-property. We established in ([1], Proposition 2.5) that / has the (D)- 
property if and only if the number of break points of /"■ is bounded by some 
constant that doesn’t depend on n. 

Definition 1.4. (Maximal connections). Let / G P(S'^) and c G C{f). A 
maximal f -connection of c is a segment 

[/-P(c),...,/''(c)]:={r(d): -p<s<q} 

of the orbit 0/(c) which contains all the break points of / contained on 
Of{c) and such that f~^{c) (resp. /"^(c)) is the first (resp. last) break point 
of / on Of{c). 

We have the following properties: 

- Two break points of / are on the same maximal /-connection, if and only 
if, they are on the same orbit. 

- Two distinct maximal /-connections are disjoint. 

Notations. Let / G P(S'^). We let 

- Mi{f) = [ci,..., f^^{ci)], Ni G N*, the maximal /-connections of 
Ci G C{f), {0 <i < p). 

- = 

So, we have the decomposition: C{f) = where 

Ciif) = C{f) n Mi{f), 0 <i<p. In particular, Ci{f) C 

- N := max Ni. 

0<i<p 

Note that if / has the (Zl)-property then: 
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- n (^f{d)= n af{d) = l,foT every i = 

deCiif) d€Mi{f) 


Define 

• T^Of{ci){f) '■= nfii^/^+i(/^(ci))- By ([U, Lemma 2.7), we also have: 

■= n {^fiPici))y- 

• ^if) — ULo^Oficpf)- 

Let a G \ {!}• We shall introduce the two following basic class P- 
homeomorphisms. Denote by 

• g„ the orientation preserving homeomorphism of with lift g„ : M — 
M restricted to [ 0 , 1 [ is given by: 

dPP = (tTct) ^ ^ 

We identify with its lift g^- Since ga{0) = 0, gap) = 1 and a 7 ^ 1, 
ga G V{S^) with one break point 0 and such that (Tg^{0) = a. Moreover, ga 
is quadratic on S'^\{0}. 

• ha the homeomorphism of with lift ha : M —> M restricted to [ 0 , 1 [ 
is given by: 

— fj* — 1 

ha{x) = --, X G [0,1[. 

(J — 1 

We identify ha with its lift ha- Then ha G V{S^) with one break point 0 
and such that <ThaP) = Moreover, ha is analytic on S'^\{0}. 

Definition 1.5. A homeomorphism h of is called a PQ-homeomorphism 
(resp. PE-homeomorphism) of if /i = L o rt, where L G PL(iS'^) and 
u = Rc o ga o R~^ (resp. Rcoha o Rp), for some a G \ {1} and c G S"^. 


We are in the position to give our main result. 


Theorem 1.6. Let f G V{S^) with the (D)-property and irrational rotation 
number. Then: 

(i) If 7r{f) p 1, f is conjugate to a diffeomorphism through a PQ(resp. 
PFi)-homeomorphism (but not Ph-homeomorphism). 

(ii) If vr(/) = 1, f is conjugate to a diffeomorphism through a PL- 
homeomorphism. 

In particular, for PL-homeomorphism, we obtain: 
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Corollary 1.7. Let f € PL(5^) with the (D)-property and irrational rota¬ 
tion number a. Assume that 7r{f) = 1. Then f is conjugate to the rotation 
Ra through a Rh-homeomorphism. 


When / does not satisfy the (-D)-property, there is no rigidity; the con¬ 
jugating homeomorphism is never piecewise C^. 

Proposition 1.8. Let f € V{S^) with irrational rotation number. If f does 
not satisfy the (D)-property, then it is not conjugate to a diffeomorphism 
through a piecewise -homeomorphism of . 


Actually, using a recent result du to Adouani [2] and independently 
Dzhalilov et al. |1], one can say even more: 

Corollary 1.9. Let f E V{S^) with irrational rotation number. Assume 
that the derivatives Df is absolutely continuous on every continuity interval 
of Df. If TTsif) 7 ^ 1 then any homeomorphism map h conjugating f to a 
diffeomorphism of is a singular function i.e. it is continuous on and 
Dh{x) = 0 a.e. with respect to the Lebesgue measure. 

Remark 1. When TTsif) = 1, the homeomorphism map h conjugating / 
to a diffeomorphism can be either a singular function or absolutely continued 
function. Teplinsky gave in [6] an example / of PL(5^) with four break 
points lying on pairwise distinct orbits and irrational rotation number of 
Roth number (but not of bounded type), that is conjugated to the rigid 
rotation by an absolutely continued function. It is obvious that such example 
satisfies T^s{f) = 1 and does not satisfy the (D)-property. However, Herman 
has shown in [5] (although not formulated as a statement) that a map / E 
PL(S'^) with two breaks points lying on distinct orbits and irrational rotation 
number has singular invariant measure; equivalently the homeomorphism h 
conjugating / to the rigid rotation is a singular function. 

This paper is organized as follows. Section 2 is devoted to the main techni¬ 
cal part of the paper; we conjugate any class P-homeomorphism / with sev¬ 
eral break points through a PQ-homeomorphism (resp. PE-homeomorphism) 
of to a class P-homeomorphism with prescribed break points on pair¬ 
wise distinct orbits. In Section 3, we study the case where / satisfies the 
(P)-property, we prove that it is conjugated through a PQ (resp. PE)- 
homeomorphism of to a diffeomorphism. In particular, we study the 
case where / has two successive break points. Section 4 is devoted to class 
P-homeomorphism without the (D)-property. 
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2. Reduction to a class P-homeomorphisms with prescribed 
points on pairwise distinct orbits 

The aim of this section is to prove the following 

Theorem 2.1. Let f G V{S^) with irrational rotation number, and let 
(feo) • • •) kp) G . Then there exists a a PQ-homeomorphism (resp. PE- 
homeomorphism) h G V{S^) such that F := ho f o h~^ G V{S^) with 

- C{F) C {h{f^^{ci)) = F^^{h{c,))-i = 0,1,... ,p} 

- aF{F^^{h{ci))) = TTs,Ofici)if): i = 0,l,...,p. 

We need the following lemma, for completeness we present its proof. 

Lemma 2.2. Let ao,...,an G such that ao x ■■■ x an = 1 and let 
bo,... ,bn G . Then there exists L G PL(5^) with break points bo,... ,bn 
and slopes aiibo) = <70) • • • ,a'L{bn) = <7n- In particular, tTs{L) = 1. 

Proof. We let bo = p{bo)^... ,bn = p{bn), where ^ < ^ < • • • < < bn+i 

be real numbers with bn+i = 6o + !> so bn+i = bo. 

Dehne a PL-homeomorphism L on [bo,bn+i] as follows: 

- bo,... ,bn are the break points of L. 

- aj := o'j^{bj) the jump of L in bj, j = 0,... ,n. 

Denote by 

- Xj = DL^{bj) the slope of L on [bj-i, bj[, j = 1,... ,n 

-Ao Ae slope of Lon [6„,6„+i[, L(x) = Ao(x-6n+i)+&n+i, x e [bn,bn+i[. 

- L{bo) = bo. 

One has aj = and ^ ^ x ■ ■ ■ x = ao x ■ ■ ■ x aj-i. Hence 

Aj = (<7o X • • • X cjj_i)“Uo, J = 1,..., n. 

To determine Aq, we have the identity 

n—1 

L{bn) = L{bo) + ^^Aj+i(6j+i — bj) = 

j=0 

n—1 

bo + Ao^(cro X • • • X aj)~^{bjFi - bj) = 
j=0 

Ao(&n+l bn) T bn+l- 

Thus 


Ao 


n—1 

^(cJo X • • • X aj)~^(bj+i - bj) + (6„+i 
j=o 


= 1 . 
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Hence 


Ao 


1 

/ n-l - - _ -- _ \ 

X] (o'o X • • • X aj)-^{bj+i - bj) + {bn+i - bn) 

\j=0 ) 


Then L is a homeomorphism of [6o) ^n+i]- The PL-homeomorphism L of 


is then defined by its lift L restricted to [6o,f)n+i]- 


□ 


Proof of Theorem, \2.1\ Set for z = 0,... and k ^ Z: 


rui = min(0, ki), rii = niax(fcj, Ni) 


^{f) = n n 

i=0 kGZ 


where 


o-fc.il/) = < 


1 


. nj<k<^jMf) 


, if k < ki 


and 

ak,i(f) = ^f(f^(ci))- 


Then we obtain 


o'(/)= 

i=0 


vr. 


,OfO 


.)(/)) 


—k. 


n(« 

jez 


'j,* 


(/)y 


Indeed, we have 


ak,i(f) = 1, if A: < 0 or /c > 


<^k,i{f ) = if A: < m* or /c > rij 
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Similarly, 


So 


Therefore 


n 

k<ki 


n nK.(/))"‘ 

k<ki \j<k 

n (n (“«(/))■' 

j<ki \j<k<ki 

n Mf))’-"- 

j<ki 

n i(^p+ki,iif)f 

p<0 


n ^k,i(f)= n ((^p+ki,i(f)f 

k>ki p>0 


Yl^FkAf) = Yl{ap+ki,iif)f 

kGX 

j£Z 

j£l 

i=o fcez 

i=o jei 


Now, set 


Then we obtain 


bk,i{f) 


'^k+l,i{f) 

(^kAf) 




bkAf) 


iik = ki 

1, otherwise 


Indeed; 
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For k > ki, 


For k < ki, 


For k = ki, 


= Y{aj^i{f) 

j>k 

= ak,iif) n ^jdf) 

_ 7 >/c+l 


(^k,iif) 


1 

nj<fc 

nj<fc+i 

®fc,i(/) ^k+l,iif) 


bk,iif) 


f^k,iif) 




nj>fc+l 

{Uj<k(^jAf))~^ 




jez 


'^s,Of(ci) if) 


We distinguish two cases. 


Case 1 : cr{f) = 1 - By Lemma 12.21 there exists L € PL(S'^) with the 
following properties: 

(i) L( 0 ) = 0 

(ii) C{L) C {/^(ci) : rrii < k < rii, 0 < i < p} 

(iii) (TLifia)) = ( 7 k,i{f) 

We let F = L o / o L~^. A priori, the break points of F are: 

- The break points of L~^: L{f^{ci)), rrii < k < rii, 0 < i < p, 

- The image by L of break points of /: L{f^{ci)), rrii —1 < k < rii, Q <i <p. 
Therefore the possible break points of F are among: L{f^{ci)), rrii < k < 
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rii, 0 < i < p. Compute the jumps of F in these points: 




o-kAf) 

bk,iif) 

iik = ki 

1, otherwise 


We conclude that C{F) C {L(/^(cj)) : 0 < i < p} with ap{L{f^{ci))) = 

'^s,Of{ci) (/)• 


Case 2 : cr{f) 7 ^ 1. Set fi = cr{f) and define u = Rc o g„ o R~^ (resp. 
u = Rc o hfj o R~^), where c = /^°^^(co). Then n is a particular PQ- 
homeomorphism (resp. PiU-homeomorphism) with one break point c and 
such that: <Tu(c) = a. We let F = u o / o u~^. A priori, the break points of 
F are: 

- The break point of u~^ : 

- The image by u of break points of /: u{f^{ci)), 0 < k < Ni, 0 < i < p 

- The image by u o f~^ of the break point of u : u(/^°(co)) 

Therefore the possible break points of F are among 

u{f^{ci)), 0 < k < Ni, 1 < i < p, and n(/^(co)), 0 < A: < A^o + 1- 
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Compute the jumps of F in these points; 
For ^ < k < Ni, I <i <p, 


(^F{u{f^{ci))) 


afifjci)) 

CTuif^iCi)) 


— O'kjiif) 


0-F(li(/^“(co))) 


^n(/(/^°+Hco))) tJ/(/^°(co)) 
0-n(/^°(co)) 


^ q'(/) aNoflif) 

1 

= cr(/) aNofiif) 




CTn(/'^°+nC0)) 


1x1 

0 '(/) 


1 

(^if) 


fTF(u(/^(co))) = akfiif), 0 <k < No 


Let ak,i{F) := apiF^idi)) = aF{u{f^{ci))), where di = u{ci), for 0 < /c < 
No, 0 < i < p. Then, 


(Tk,i{F) 


W.j>k 

1 


\i k > ki 
li k <ki 


For 1 < i < p, 
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HakAF) = n 

fcez jei 

= (*.,o,(„.)(/))■'■• n (“»(/))" 

j£Z 

= Yl(^k,i{f) 

kei 

fcez jez 

= (^.,o,(co)(/))“"° («A^o,o(i"))'^° (a^„+i,o(F))^o+i n Ko(i")y 

jez, jj^No, j^No+i 

= fc,0,M(/))-‘» (<f(/) OA'oA/))''" n Ko(/)K 

^ v/j / J6Z, j^ATo, j^ATo+l 

' j&Z 

= ^ n 

^ jGZ 

Therefore 

= n n 

i=0 jGZ 

^ ^77) n n 

^ i=o jez 

= 1 

We conclude that F G P(S'^) that satisfies cr{F) = 1 and with maximal F- 
connections Mo(F) = [tt(co),..., T^o+^(tt(co))] and Mj(F) = [tt(cj),..., F^*(u(ci))], 
for 1 < i < p. Then, by the case 1, there exists L G PL{S^) that con¬ 
jugates T to a class P-homeomorphism G = L o F o L~^ with C{G) C 
{G^^[L{u{ci))] : 0 < i < p} and adG'"^ {[L{u{ci))]) = TTs,Of{ci)if), 0 < i < 
p. Moreover h := Lou is a PQ-homeomorphism (resp. PP-homeomorphism) 
that conjugates f to G with C{G) C {G^^{h{ci)) : 0 < i < p} and 

(7G{G^*{h{ci))) = TTs,Of{ci)if)^ 0 < i < p. This completes the proof. □ 

Corollary 2.3. Let f G V{S^) with irrational rotation number. Then, 
there exists h G P(5^) such that: F = h o f o h~^ G V{S^) with G{F) C 
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{/i(co), ... ,/i(cp)}, where co,...,Cp G C{f) are on pairwise distinct orbits. 
Moreover aF{h{ci)) = Of{ci){f), i = 0,1,... ,p. 

Proof. Take ki = 0 for all i in Tlieoreni l2.ll So we get F = hofoh~^ G 7^(5'^) 
with C{F) C {h{co), ... , h{cp)} , where co,...,Cp G C{f) are on pairwise 
distinct orbits. □ 


3. Class P-homeomorphisms with the (D)-property 

3.1. Proof of Theorem 11.61 

Lemma 3.1. Let f G V{S^) with irrational rotation number. If f has the 
(D) -property then cr{f) = 7r(/). 

Proof. Wehavef7(/) = flLo( q) (/))"''" Since = 

1 and njez(«i.*(/))^ = ^(/)) for every i = 0,...,p, thus a{f) = 7 r(/). □ 

Proof of Theorem \1.6l Prom the Corollary 12.31 it follows that F : ho f oh~^ 
is a diffeomorphism since aF{h{ci)) = TTs,Of{ci){f) ~ i = 0,1,... ,p. Now 
by the proof of Theorem 12.11 /i is a PL-homeomorphism if ct(/) = 1 and a 
PQ (resp. PE)-homeomorphism if cr(/) 7 ^ 1. We conclude by the Lemma 

\n\ □ 

Remark 2. The PE (resp. PQ)-homeomorphism h = L o u that conju¬ 
gates / to a diffeomorphism can be chosen so that its rotation number is 0. 
Indeed, let u = Rc o o R~^ (resp. RcO h^ o Rf^), for some cr G \ {1} 
and c G S^. Set d = Pc(0) and choose L G PL(S^) such that L{d) = d. 
Then h(d) = d and so h has a rotation number 0. 

3.2. Case of two break points. Let / G V{S^) with irrational rotation 
number a and with two break points b and f{b). Assume that / satisfies the 
(Zl)-property. We give a direct conjugation h from / to a diffeomorphism. 
This conjugation h is different from that constructed in the proof of Theorem 
12.11 We let h' = f{b) and cr = 7 r(/)“^. Define h := Ry oh~^ o {Rf)~^ . Then 

/i is a PE-homeomorphism with one break point b' such that: o'h{b') = a~^. 


Proposition 3.2. Let f G P(5^) with two break points b and f{b) and 
irrational rotation number. Assume that vr(/) 7^ 1. Then F := ho f oh~^ G 
V{S^) with C{F) C {h{b)} such that aF{h{b)) = T^s,Of(b){f)- 
In particular if f satisfies the (D)-property then F is a diffeomorphism. 
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Proof. We let F 


ho f oh ^. Then 


apiKb')) = 


^h{f{h'))(Tf{b') 

CThiV) 


As <Jh{f{h')) = 1 and = a so aF{h{b')) = 1. 

On the other hand, we have: 


aF{h{b)) = 


(^h{b')crf{b) 


CThib) 


As (Jh{b') = cr (Jh{b) = 1 and (Jf{b) = 
then aF{h{b)) = 'Ks,Of(b){f) and C{F) C {h{b))}. 

In particular, if / satisfies the (T>)-property then 'Ks,Of{b){f) = 1- So F 
has no break points and F is a diffeomorphism. □ 


Corollary 3.3. Let f € PL(S'^) with irrational rotation number a and with 
two break points b and f{b). Then 7r(/) ^ 1 and ho f o h~^ is the rotation 
Ra- 

Proof. One has '7r(/) = (Jf{b') ^ 1. Moreover / satisfies the (F)-property. 

One can check that h~^ o ° f ° Rb') °ha = Ra and therefore ho f o 

h~^ = Ra- □ 

4. Class F-homeomorphisms without the (D)-property 

Proof of Provosition \l.S[ Suppose that there is a piecewise C'^-homeomorphism 
h that conjugates / to a diffeomorphism F: f = h~^ o F oh. Since the rota¬ 
tion number is irrational, h~^ is also piecewise C^. As h and h~^ have the 
same number p of break points and /” = h~^ o F” o h then /"■ has at most 
2p break points for every n G Z. So by m, Proposition 2.5), / satisfies the 
(D)-property, a contradiction. □ 

Proof of Corollary \1.S\ This follows directly from ([2], Main Theorem) 
since t^s{F) = 1 for any diffeomorphism F of □ 
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